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We theoretically study the electrokinetic problem of a pressure-induced liquid ow through a narrow long
channel with charged walls, going beyond the classical Helmholtz-Schmolukowski picture by considering the
surprisingly strong combined eect of (i) Stern layer conductance and (ii) dynamic charge-regulating rather
than xed surface charges. We nd that the water ow induces, apart from the well-known streaming po-
tential, also a strongly heterogeneous surface charge and zeta-potential on chemically homogeneous channel
walls. Moreover, we identify a novel steady state with a nontrivial 3D electric ux with 2D surface charges
acting as sources and sinks. For a pulsed pressure drop our ndings also provide a rst-principles explanation
for ill-understood experiments on the eect of ow on interfacial chemistry [D. Lis et al., Science 344, 1138
(2014)].
e ow of water along a solid surface such as glass, rock
or an electrode is of profound interest in elds as diverse
a geosciences (rivers, erosion) [1], oil-eld engineering (en-
hanced oil recovery) [2], and micro- and nano-uidics. e
Poiseuille ow through a long channel due to a pressure
drop between in- and outlet is a textbook example, in which
the stationary Navier-Stokes equation with no-slip boundary
conditions on the channel surface gives rise to a parabolic
ow prole (represented in Fig. 1) that is proportional to the
pressure drop. In many cases relevant for e.g. microuidics
and blue-energy harvesting [3, 4], however, a liquid ow in-
duces a much richer phenomenology, oen due to surface
charges on the channel walls that interact with the ionic
species in the liquid. In such a channel an applied pressure
drop does not only induce a uid ow but also a net elec-
tric current due to advection of the so-called electric dou-
ble layer (EDL), which is the diuse layer of mobile ions that
screen the electrode in the nanometer vicinity of the charged
surface. In closed-circuit conditions this so-called “stream-
ing current” can persist in a stationary state, but in open-
circuit conditions it leads to the build-up of net charge and
hence a potential dierence between the outlet and the in-
let of the channel, the so-called “streaming potential” ∆ΦS
derived long ago by Helmholtz [5] and Smoluchowski [6], as
∆ΦS =
−ζ
ηG
∆p. (1)
Here ζ is the (zeta-)potential at the slipping planes,  and
η the dielectric permiivity and the shear viscosity of the
liquid, respectively, and ∆p the pressure drop that drives
the Poiseuille ow. e total channel conductivity G =
Gb + 2Gs/H of a channel of height H is well known to con-
sist not only of a bulk contribution Gb but also of two sur-
face contributionsGs/H to account for conduction processes
close to the channel surfaces [7]. e dimensionless Duhkin
number Du=Gs/GbH characterises the relative importance
of the surface-to-bulk conduction [7]. It is important to re-
alise thatGs = Gds+GSs not only contains a contributionGds
Figure 1: Streamlines of the net charge ux and colour map
of the tangential electric eld Ex near the charged surfaces
(green stripes) of a rectangular channel with a pressure drop
∆p = 0.5 bar between in- and outlet at x = ±L, (a) with
vanishing Stern-layer conduction (Ds = 0) resulting in a
xed surface charge of −eσeq = −0.069 e/nm2 that mimics
silica at pH=6.5, and in (b) with non-zero Stern-layer
conductance and our dynamic charge regulation model. (c)
Flow-induced heterogeneous surface charge density σ(x)
and surface charge ux −ejσ for ∆p = 0.1, 0.5 bar for the
parameters of case of (b).
from the relatively high density of charge carriers in the dif-
fuse part of the EDL, as rst recognised by Bikerman in 1933
[8, 9], but also a contribution GSs from the quasi-2D Stern
layer where the surface charges reside [10]. In fact, a sub-
stantial body of literature exists that not only conrms the
nite charge mobility in the Stern layer for dierent types of
(insulating) materials such as PMMA, silica or clay [11–16],
but even that the in-plane charge mobility is comparable to
ar
X
iv
:1
80
5.
09
66
4v
1 
 [c
on
d-
ma
t.s
of
t] 
 24
 M
ay
 20
18
2the mobility of simple ions in bulk electrolytes [11, 17, 18].
e lateral conductance in the Stern layer is the rst key in-
gredient of this Leer.
Eq.(24) stems from a linear-response analysis, in which the
prefactor −ζ/ηG is assumed to be a constant for a given
channel and transported uid. Motivated by inherently het-
erogenoeus biological surfaces and by microuidic applica-
tions with paerned electrodes, extensions towards periodic
[19] and steplike [20] variations of ζ were considered. Het-
erogeneity of ζ not only leads to normal components of the
ionic uxes [19, 20], but also to the notion of the so-called
healing length ` = Gs/Gb = HDu as the governing lat-
eral length scale [20]. However, in this Leer we will for
the rst time show that defect-free and unpaerned surfaces,
charged over a nite length, can exhibit ow-induced het-
erogeneities with the surface charge density and the zeta-
potential varying over the full length of the charged surface,
even if Du 1. Here one should realise that most surfaces
in contact with water do not have a xed charge but obtain
their net charge by regulation processes, in which for instance
a fraction f of the neutral surface groups SC disscociates into
a covalently bound negatively charged surface group S− and
a released cation C+. e reaction SC
S−+C+ is charac-
terised by an equilibrium constant K , which together with
the C+ concentration at the surface ρC,s determines the equi-
librium Langmuir desorption isotherm f = (1 + ρC,s/K)−1
[21–23]. Although the importance of charge regulation was
indeed recognised in earlier works on the electrophoresis of
colloidal particles, the underlying equilibrium Langmuir des-
orption isotherm has so far always been assumed [24, 25]. In
this Leer we will introduce out-of-equilibrium charge regu-
lation as a second key ingredient, in which the rates of ad-
sorption (kads) and desorption (kdes) play a key role individ-
ually rather than only their ratio K = kdes/kads. In fact,
by tuning the chemical rates to the reaction-limited regime,
we will see that our theory provides a natural rst-principles
explantion for puzzling recent experiments that show a pro-
found inuence of a uid ow on the interfacial chemistry
[26], provided Stern layer conduction and out-of-equilibrium
charge regulation are taken into account simultaneously. We
expect that this intricate interplay between dynamic charge
regulation and Stern layer conduction will play an equally
important role in many nanoow problems of recent interest
[4, 27–29].
e system we consider in this Leer, sketched in Fig 1,
consists of two bulk aqueous reservoirs connected by a wide
rectangular channel of length 2L and height H , with lateral
and normal Cartesian coordinates x ∈ [−L,L], z ∈ [0, H],
and with translational invariance in the lateral y direction.
e reservoirs contain three monovalent ionic species la-
belled by i = +,−, C with valency z+ = zC = −z− =
1 and with bulk concentrations ρi,b, satisfying neutrality∑
i ziρi,b = 0. e Debye screening length is given by
λD =
√
kBT/e2
∑
i z
2
i ρi,b, with kB the Boltzmann con-
stant, T the temperature, and e the proton charge.
We denote the time- and position dependent ionic den-
sity proles and uxes (actually ux densities) by ρi(r, t)
and Ji(r, t), respectively, the electric potential by ψ(r, t), the
(identical) surface charge density in the planes z = 0 and
z = H by −eσ(x, t), and the uid velocity prole by u(r, t).
e ion ux Ji is composed of diusive, conductive, and ad-
vective contributions, and is related to ∂tρi by the continuity
equation. e Poisson equation accounts for Coulomb inter-
actions, and the incompressible Navier-Stokes equation, in-
cluding an electric body force and a pressure gradient ∇p,
describes the uid ow. Collecting all this we obtain the well-
known Poisson-Nernst-Planck-Navier-Stokes (PNPNS) equa-
tions [30] with Gauss’ law and no-slip boundary conditions,
∂ρi
∂t
= −∇ · Ji; Ji = −D
(
∇ρi + eziρi
kBT
∇ψ
)
+ ρiu;
m
∂u
∂t
= −m(u · ∇)u−∇p+ η∇2u−
∑
i
zieρi∇ψ;
∇ · u = 0; ∇2ψ = −e

∑
i
ziρi;
us = 0; ns · ∇ψs = eσ

.
(2)
Here D is the diusion constant, assumed to be equal for all
ion species, and m is the mass density of water. roughout
this Leer the subscript “s” denotes a surface quantity, e.g. us
is the uid velocity at the surface and ns is the unit surface
normal pointing into the water.
e standard PNPNS equations (23) are to be contrasted
with the novel boundary conditions that we impose in this
Leer, where we describe regulation of the surface charge
σ combined with Stern layer conductance [31]. e bot-
tom and the top surfaces each contain an identical, chem-
ically homogeneous patch for x ∈ [−L/2, L/2] that can
become negatively charged due to the desorption reaction
SC
S−+ C+. erefore, a non-vanishing cationic coun-
terion ux −ns · JC,s(x) entering the surface is possible,
whereas the other two ionic species ± are chemically inert
and satisfy the no-ux boundary conditions ns · J±,s = 0.
Within the Stern layer we introduce the lateral (surface) cur-
rent −ejσ(x), satisfying the continuity equation for the sur-
face charge density as
∂σ
∂t
= −∂jσ
∂x
+ ns · JC,s, (3)
which explicitly couples the 3D ux of cations as a source
term for the 2D surface density. We describe the net ux
of C+ towards the surface in terms of simple reaction kinet-
ics with an adsorption ux kadsσρC,s and a desorption ux
kdes(Γ− σ), with Γ the total number of chargeable sites per
unit area. Additionally, we assume a Nernst-Planck like equa-
tion for jσ , with a diussive and a conduction contribution,
where the former is modied to account for forbidden multi-
ple ad- and desorption on a single site [32]:
jσ(x) = −Ds
(
1
1− σ/Γ
∂σ
∂x
− eσ
kBT
∂ψs
∂x
)
; (4)
−ns · JC,s = −kdes(Γ− σ) + kadsσρC,s, (5)
3whereDs the surface diusion constant, which we have seen
to be comparable to the bulk diusion coecientD. If we im-
pose static equilibrium conditions, in particular JC = 0, Eqs.
(3) - (5) reduce to the standard Langmuir desorption isotherm
where σ/Γ equals the fraction f of charged sites introduced
above [33]. In the case of a pressure-induced ow, however,
the streaming potential generates an in-plane electric eld
component ∂xψs, which according to Eq.(4) not only drives
a nite jσ if Ds 6= 0, but for a charge-regulating surface also
a nite ns · JC,s and a surface heterogeneity ∂xσ accord-
ing to Eqs. (3) and (5). As a consequence the zeta-potential
ζ(x) = ψ(x, 0) − ψ(x,H/2) becomes heterogeneous too,
and hence a nontrivial self-consistency problem emerges in
which the streaming potential not only determines ζ(x) but
also depends on it (see e.g. Eq.(24)). Interestingly, this ow-
induced surface heterogeneity does not require relatively nar-
row channels or high Du.
We solve the set of non-linear equations (23)-(5) numer-
ically using the Finite-Elements soware COMSOL Multi-
physics. For computational reasons we take at each side of
the chargeable surface an uncharged patch of length L/2 to
allow entrance and exit eects on the uid ow driven by
a pressure drop ∆p to essentially die out [34]. Due to the
crucial role played by the chemical reaction we must fully
resolve the EDL in order to accurately determine ρC,s. e
thin-EDL approximation [30] is therefore not possible here.
In this Leer we choose parameters that represent silica at
pH=6.5, such that − log10 ρC,b(M) = 6.5, Γ = 4.6 nm−2,
and pK = 6.75 (an average over the widely varying re-
ported values [35–37]), with millimolar added salt concen-
trations ρ±,b ' 1 mM such that λD = 10 nm. e sin-
gle reaction mechanism assumed here is actually too sim-
ple to capture the behaviour of silica quantitatively, but it
serves our purposes here as a generic case. Under these
conditions, the equilibrium surface charge and potential are
−eσeq = −0.069 e/nm2 and ζeq = −93 mV. roughout we
set D = 10−9 m2/s such that Gb = 7.5 mS/m and Gds ≈ 1.2
nS [38]. In agreement with Stern-layer mobilities discussed
above, we either set Ds = D or Ds = 0 to study presence
or absence of Stern-layer conductance, respectively. We fur-
thermore focus on a channel height H = 1µm, i.e. H  λD
and Du' 0.16. Apart from the channel length L the only re-
maining system parameter is the time scale of the adsorption-
desorption process, which will be ed to experiments be-
low. For computational eciency we set kdes = 2×10−4 s−1
for now, which is comparable to certain photocatalytic rates
[39] and comfortably in the reaction-limited regime as we
will see.
In Fig. 1 we show the steady-state eld lines of the
ionic charge ux Je =
∑
i ziJi and a colourmap of the x-
component of the electric streaming eldEx for a channel of
height H = 1µm and total length 2L = 60µm, and a pres-
sure drop ∆p = 0.5 bar, in (a) without Stern layer conduction
(Ds = 0), and in (b) in the presence of both Stern layer con-
duction (Ds = D) and charge regulation. e resulting max-
imum uid velocity is approximately 0.1 m/s, three orders of
magnitude higher than the elecotro-osmotic slip velocity in-
duced by the electric eld, i.e. the body forces (last term NS
Eq. (23)) are negligible [40]. A striking dierence between
(a) and (b) are non-parallel eld lines in (b), even far out-
side the EDL, and a much weaker electric eld especially for
x ∈ [−L/2, 0] in (b). We can trace these two features back to
a nonzero surface current jσ(x) and a strong heterogeneity
of the surface charge prole σ(x); both extend over the full
width L as shown in Fig. 1(c). is shows that, in addition
to the inherent heterogeneities of silica in equilibirum con-
ditions [41], surfaces can exhibit dynamical heterogeneities.
We note that the diusive and conductive contributions to jσ
(see Eq. (4)) are counteracting and individually three orders
of magnitude larger than jσ , i.e. both are essential to obtain
this steady state. e near-cancellation is the cause of the nu-
merical noise observed for jσ , and furthermore leads to the
suprising conclusion that the eects persist even for Du 1
[42]. Fig. 1(b) also shows that Je and Ex depend not only on
z but also on x, even far outside the EDL. Note that a lateral
heterogeneous charge current has also been reported in the
case of a (highly conducting) metallic surface [43].
For ∆p = 0.1 bar the heterogeneous prole σ(x) shown
in Fig. 1(c) is essentially linear in x, locally lower/higher by
about ±25% of σeq at the inlet/outlet side of the chargeable
area. For ∆p = 0.5 bar, however, σ(x) is strongly nonlinear
with deviations ranging from −75% to as high as +100%
from σeq at the edges. In equilibrium, such a change in the
surface charge would correspond to a pH varying between
4.9 and 7.4, i.e. concentrations of C+ that are a factor of 10
higher and lower. e laterally averaged charge in this case
decreases to a value as low as 〈σ〉 = 0.7σeq . Additionally, 〈ζ〉
also decreases, which causes a breakdown of Eq. (24) [44].
erefore the local as well as the average surface charge are
not at all (quasi-)static quantities, but fully dynamic proper-
ties of the solid-uid interface that can be tuned by the uid
ow in the channel. e sharp peaks of σ at x ' ±L/2 in
Fig. 1(c) are expected in a range of λD next to an uncharged
area [45].
We can identify four dierent time scales that govern the
dynamics of this system, (i) the EDL diusion time τdif =
λ2D/D which is only about 100 ns for our parameter choice;
(ii) the advection time τadv = L/ux(λD) for an ion in
the EDL to be advected parallel to the surface over a dis-
tance L, of the order of ms in all cases studied here; (iii)
the conduction time τcond = Lσeq/jσ for a charge in the
Stern layer to traverse a lateral distance L, which is of
the order of seconds here; and (iv) the chemical reaction
time τreac = (kadsρC,s)−1 [46] of the order of an hour
here. We found that signicant heterogeneities only occur
if τreac exceeds the three others, i.e. if the system is in the
reaction-limited rather than in the diusion-, advection- or
conduction-limited regime. is can be qualitatively under-
stood, e.g. if τreac  τcond chemical equilibration would take
place before any conductive ux can develop. Note also that
τcond ∝ D−1s conrms the crucial role played by a nite sur-
face conduction, since Ds = 0 would cause the system to be
4conduction- rather than reaction-limited. As long as this or-
dering of time-scales is obeyed and Ds/D = O(1), as noted
already on the basis of Refs. [11, 17, 18] the exact value ofDs
has no signicant eect on the presented results.
So far we have seen that the stationary state of a charge-
regulating and conducting surface exposed to a uid ow be-
comes heterogeneously charged in a stationary state. In an
exciting experiment in 2014, however, the full relaxation dy-
namics of the surface charge of silica upon an applied water
pressure pulse was measured in an experiment that combines
microuidics and Sum Frequency Generation (SFG) [26], al-
beit only at the central position (here x = 0) in the chan-
nel. By ruling out alternative interpretations the authors
of [26] aribute their time-dependent SFG-signal to a time-
dependent surface charge σ(x = 0, t). Here we conrm this
interpretation by showing that our theory provides a micro-
scopic explanation for the time dependence of the surface
charge, which in the experimements (see inset Fig. 2 or Fig.
2D of [26]) consists of a quasi-instantaneous initial reduction
by 40% (on the time scale of seconds) upon switching on the
ow followed by a further reduction by an additional 10% on
the time scale of minutes, and upon switching o the ow
a very slow relaxation (on the time scale of tens of minutes)
back to equilibrium. In Fig 2 we show a time-dependent pres-
sure pulse (blue) similar to the experimental one as well as the
surface charge density σ(x = 0, t) (red) that follows from
our theory. Here we use the same silica parameters and bulk
concentrations as before in Fig. 1(b), again at pH=6.5 but now
with the desorption rate kdes = 6×10−6 s−1 as the only “t”-
parameter. is corresponds to τreac = 1.7 × 103 s, which
sets the transient behaviour of σ(0, t). is is also consistent
with the observation that σ remains constant during such a
pressure pulse for larger ρC,b, since τreac ∝ ρ−1C,b, such that
the system is no longer reaction-limited for increased counter
ion concentration. e channel dimensions H = 1µm and
L = 40µm are for computational reasons smaller than in
the experiment, although the aspect ratio is the same. We
checked that this time dependence is hardly dependent on L
and H for xed pressure drop amplitude ∆p = 0.5 bar and
aspect ratioL/H = 40 [47]. e similarity between the time-
dependent experimental SFG-signal and σ(x = 0, t)/σeq is
striking, except perhaps for the strong short-time relaxation
immediately aer switching o the ow, which is present in
our calculations (see Fig. 2) but absent in the experiment (in-
set). For comparison, Fig. 2 also shows the surface charge for
the case of a non-conducting Stern layer with Ds = 0 (dot-
ted red), which is virtually indistinguishable from σeq . By
increasing the desorption rate, such that the system becomes
less reaction-limited, the transient behaviour speeds up and
the steady-state approaches the equilibrium state, as can be
observed from the dashed line in Fig. (2) [48].
In conclusion, we apply the classical PNPNS equations (23)
to pressure-driven ow through a channel with newly for-
mulated boundary conditions for out-of-equilibrium charge
regulation and a conducting Stern-layer. For realistic sys-
tem parameters, in particular for silica surfaces, this the-
Figure 2: Time-dependent pressure drop ∆p(t) (blue) in a
channel of dimensions H = 1µm and L = 40µm, together
with the resulting surface charge σ(x = 0, t) in the middle
of the channel, for a silica surface at pH=6.5 (see text) with
desorption rate kdes = 6× 10−6 s−1 (τreac = 1.7× 103 s)
(red), to be compared with the experimental data of [26]
shown in the inset. e red doed line shows the case of a
non-conducting Stern layer with Ds = 0, and the dashed
line the case with desorption rate kdes = 0.2 s−1
(τreac = 0.05 s).
ory predicts a strong ow-induced heterogeneity of the sur-
face charge and the ζ-potential, even for a chemically ho-
mogeneous silica surface with Du 1. e traditional
Helmholtz-Smoluchowski relation (24) for the streaming
potential, which assumes a laterally constant ζ-potential,
breaks down for these regulating and conducting surfaces,
provided the system is reaction-limited, i.e. the chemical re-
action is the slowest process. In this reaction-limited regime,
a nonzero conductive ux in the Stern layer must be largely
compensated by an opposite diusive surface ux (i.e. by
a heterogenoeus surface charge) in order to prevent steady-
state charge accumulation at the edges due to slow reaction
kinetics. e resulting surface charge prole has a reduced
lateral average 〈σ〉 compared to equilibirum. Our theory also
provides a microscopic picture for measurements on the full
time-dependence of the the relaxation dynamics of the sur-
face charge aer switching on and o a tangential ow [26].
We have therefore shown that the combination of a non-zero
surface conduction and (s)low chemical ad- and desorption
rates can have dramatic impact on the interpretation of elec-
trokinetics in micro- and nano-uidic experiments, for which
the surface charge and ζ-potential are a vital component. We
expect that these or similar mechanisms also play a role in
electro-osmotic and diusio-osmotic phenomena, which are
interesting topics for future research in the context of e.g.
blue energy harvesting [3, 4] and catalysis [49].
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6SUPPLEMENTARY MATERIALS TO ’FLOW-INDUCED SURFACE CHARGE HETEROGENEITY IN ELECTROKINETICS DUE
TO STERN-LAYER CONDUCTANCE COUPLED TO REACTION KINETICS’
DYNAMICAL DENSITY FUNCTIONAL THEORY
We consider a system consisting of bulk (region R) and a
surface (given by a region S , with bulk ions (densities ρa(r ),
with r ∈ R) and surface ions (surface densities σ(rs), with
rs ∈ S) that are bound to S via a chemical reaction. Here
i labels the bulk ion species. We will derive the equations
using Density Functional eory (DFT) [50? ]. It is conve-
nient to split the intrinsic Helmholtz free energy functional
F [{ρi}, σ] = Fb[{ρi}] + Fs[σ], in a bulk contribution (rst
term) and a surface contribution (second term). Dene the
bulk charge density as eρe(r) with ρe(r) =
∑
i ziρi(r). e
symbols for constants and material properties used are the
same as in the Leer. Within mean eld, the bulk functional
is given by,
βFb[{ρi}] =
∑
i
∫
R
d3rρi(r)[log
(
ρi(r)Λ
3
i
)− 1]+
1
2
∫
R
d3r ρe(r )φ(r),
(6)
with φ(r, t) = βeψ(r, t) the dimensionless electrostatic
potential. We describe the surface contribution as a two-
dimensional laice gas,
βFs[σ] =
∑∫
S
d2rs
[
σ(rs) log
(
σ(rs)Γ
−1)
+ (Γ− σ(rs)) log
(
(Γ− σ(rs))Γ−1
) ]
+
1
2
zσ
∫
S
d2rs σ(rs)φ(rs).
(7)
Here, Γ is the surface density of chargeable sites and zσ the
valency of the surface charges. ere is no free energy of
binding included in Eq. (7), since we are interested in out-
of-equilibrium processes. We include this in the continuity
equation to be given later. e type of chemical reactions
that we are interested in, is the chemisorption of ions on a
chargeable surface. As a model sample we look at the charg-
ing of a single neutral site SC by the desorption of an cationic
counter ion C+, given by SC S++C+. Such a charging pro-
cess is described by the rate equation (for convenience we
will assume that the chemical reaction consists of a single
elementary step),
d{SC}
dt
= kdes{SC} − kads[C+]{S−}. (8)
Here the curly brackets indicate a surface density, and a
square bracket a bulk density. e adsorption rate is de-
noted by kads, while kdes denotes the desorption rate. We
can in principle estimate these quantities using Arrhenius’
law. More complicated rate equations can be investigated if
the precise reaction mechanism is known. In equilibrium the
LHS of Eq. (8) is zero, and we retrieve the equilibrium con-
stant KC ≡ {S−}[C+]/{SC} = kdes/kads. e continuity
equation in bulk is given by
dρi(r, t)
dt
= −∇ · Ji(r , t), r ∈ R, (9)
with Ji the bulk ux of ion species i. Note that we used the
full (material) derivative of ρi(r, t) instead of the partial in
order to account for advection. e bulk current Ji(r, t) can
be derived using Dynamical DFT [51],
Ji(r, t) = −Db,iρi(r, t)∇
(
δβFb [ρi]
δρi(r)
∣∣∣∣
ρi(r,t)
)
= −Db,i (∇ρi(r, t) + ziρi(r, t)∇φ(r, t)) ,
(10)
where we introduced diusion coecients Db,i for the ions
in water. For σ(rs) on the surface S the continuity equation
reads
∂σ(rs, t)
∂t
= −∇S · jσ(rs, t) +R(rs, t), rs ∈ S. (11)
where R is the production rate of surface charges and jσ the
(2D) ux of surface charges. We have implemented a type B
dynamic model because the total number of ions (on surface
plus in the water) is conserved. Note that the divergence in
Eq. (11) is a two-dimensional divergence. For example, for a
at plate in the xy plane, we have ∇S = (∂x, ∂y). From the
example of Eq. (8) we can infer,
R(rs, t) = −kads (Γ− σ(rs, t)) + kdesρC(rs, t)σ(rs, t).
(12)
Analogously to the bulk equation, the surface current is given
by,
jσ(rs, t) = −Dsσ(rs, t)∇S
(
δβFs [σ]
δσ(rs)
∣∣∣∣
σ(rs,t)
)
= −Ds
(
Γ∇Sσ(rs, t)
Γ− σ(rs, t) + zσσ(rs, t)∇Sφ(rs, t)
)
,
(13)
where we introduced diusion coecientDs for the ions ad-
sorbed in the Stern layer. Furthermore, similarly for Eq. (10),
we implicitly used the Einstein-Smolochowski relation. Fi-
nally, we close the above set of equations, by the Poisson
equation (the potential eld is generated instantaneously, no
retardation):
∇2φ(r, t) = −4piλB [ρe(r, t) + zσσ(r, t)f(r)], (14)
where λB = βe
2
4pi is the Bjerrum length and the function f(r)
with dimension inverse length encodes the location of the
chargeable surface. For example, for a chargeable plate at
z = 0 it is given by f(r) = δ(z).
7Lastly, to describe the uid ow we employ the Navier
Stokes equation with the incompressibility condition:
m
∂u(r, t)
∂t
+m(u(r, t) · ∇)u(r, t) = −∇p(r, t) (15)
+ η∇2u(r, t) + eρe(r, t)E(r, t),
∇ · u(r, t) = 0. (16)
Here u(r, t) describes the uid velocity eld, p(r, t) the pres-
sure and E(r, t) = −∇ψ(r, t) the electric eld. e last two
terms represent the electric body force on the uid due to mi-
grating ions. Combining Eqs. (9),(12),(11),(10),(13),(14) & (16)
gives the set of governing equations.
To couple the bulk and the surface we use a Robin bound-
ary condition, which states that the production rate of sur-
face charges is equal to the counter ion ux normal to the
surface. Furthermore, we use the standard electric boundary
condition as well as the no-slip boundary condition for u.
ns · JC(rs, t) = −R(rs, t), rs ∈ S,
ns · ∇φ(rs, t) = −4piλBσ(rs, t)
u(rs, t) = 0
(17)
with n an inward pointing normal vector (into the uid) and
JC the counter ion ux. Lastly, we take all non-charged sur-
faces impermeable for all ions, and the charged surface im-
permeable for all ions expect the counter ion.
In equilibrium (t→∞), the net ux between bulk and sur-
face vanishes, and hence by Eq. (17), we nd that R(rs, t →
∞) = 0. For our model of a single cation desorbing
from a neutral surface, we retrieve the Langmuir adsorption
isotherm,
σ(rs, t→∞) = Γ
[
1 +
ρC(rs, t→∞)
KC
]−1
, rs ∈ S.
(18)
We can nd the bulk counter ion density ρC(r) by the con-
dition JC(r, t → ∞) = 0, which from Eq. (10) translates
to
δβFb
δρC(r)
= constant = µR, (19)
with µR the chemical potential of the system, which in the
grand canonical ensemble is given by the bulk ion and wa-
ter reservoir. Strictly speaking, the above constant should
include the external potential. e only external potential in
our system is the hard wall potential, which we already have
included via the integration limits (bounds of R). e above
equation implies that
ρi(r, t→∞) = Ai exp[−ziφ(r, t→∞)]. (20)
For the grand canonical system Ai is determined from µR,
and can be set equal to the bulk salinity.
Note that Eqs. (18) and (20) are internally consistent with
the condition
δβFs
δσ(rs)
= constant. (21)
Alternatively, we could also have enforced jσ(rs) = 0, which
gives a constraint on the surface charge,
σ(rs, t→∞) = Γ
[
1 + Cσ e
zσφ(rs,t→∞)
]−1
, rs ∈ S,
(22)
for some constant Cσ . erefore, both seing the source and
ux for surface charges to zero gives the familiar Langmuir
type adsorption isotherm used in (equilibrium) charge regu-
lation schemes. Note here that if we set any 2 of Ji, jσ or R
to zero, that immediately implies that the third is zero also.
is shows the internal consistency of the proposed theory.
DIMENSIONLESS FORM
In order to numerically solve the equations, it is best to
convert the governing equations to a dimensionless form.
We scale all densities by the reservoir salt concentration
ρb, ρi(r, t) = ρbni(r, t) the distances by the Debye length
λD ≡
(
2e2ρb
kBT
)−1/2
, r = λDr′, the velocity by a typical
velocity u0, u = u0v, the potential by the thermal voltage
kBTe
−1, ψ(r, t) = kBTe−1φ(r, t) and the surface charge by
the site density Γ, σ(rs, t) = Γs(rs, t). We scale time by
the time it takes for an ion to diuse over this Debye-length,
τdif ≡ λ2DD−1b , t = τdif t′, with Db the diusion constant
of the dissolved ions which we take to be equal for all ions
(Db,i = Db). is scaling provide the following set of dier-
ential equations for the quantities to be solved in this system,
∇′2φ = −1
2
(n+ − n− + nC) = −1
2
ne,
∂ni
∂t′
= ∇′ (∇′ni + zini∇′φ)− λD
H
Peu · ∇′ni
∂s
∂t′
= W∇′S
( ∇′Ss
1− s + s∇
′
Sφs
)
+ Da2
(
(1− s)−K−1rC,ss
)
,
∂v
∂t′
= −λD
H
Pe(v · ∇′)v −∇′p+ Sc∇′2v +Bne∇′φ,
∇′ · v = 0,
(23)
with ne =
∑
i zini the net charge density. e subscript ’s’
is a shorthand notation that the quantity is to be evaluated
on the surface. e relevant length scale for the PNP equa-
tions is the Debye length, which can be concluded from the
absence of dimensionless terms from the Poisson equation.
For the NS equation, however, the relevant length scale isH .
In our case of a at charged plate and translational invari-
ance in the y-direction, the derivative operators reduce to the
simple form ∇ = (∂x, ∂z) and ∇S = ∂x. Furthermore, we
have rescaled the pressure with the factor mλDu0Db such that p
is also dimensionless. We have furthermore introduced some
dimensionless numbers, most of which with a pre-existing
name:
1. Sc = ηmDb , the Schmidt number, the ratio between mo-
mentum and mass diusivity,
82. Pe = u0HDb , the Peclet number, the ratio between ad-
vective and diusive transport
3. Da2 = k
desλ2D
Db
= kdesτdif , a secondary Damko¨hler
number dened as the ratio between the chemical and
diusive time scale
4. K = k
des
ρskads
= KCρb , with KC the chemical equilib-
rium constant which determines the equilibrium sur-
face charge
5. B= kBTρsλDmDbu0 , the body force number, the ratio be-
tween the ionic body forces and the inertia of the uid
6. W = DsDb , the ratio between the bulk and surface dif-
fusion constants.
e Peclet number plays a role in transport equation (PNP
in this case), and shows the signicance of convection is de-
termining the concentration proles. Mathematically it rep-
resents the ratio between the local time derivative and the
convection term. Analogously, the Schmidt number is the
ratio between the viscous term and the local time derivative.
e Damko¨hler number is a measure that indicates if the sys-
tem is diusion or reaction limited. It is the ratio between the
typical time it takes for a ion to adsorb and the time it takes
for it to diuse out of the double layer (and thus out of reach
of the surface). e body force numberB signies if the uid
ow is signicantly inuence by the movement of the ions.
For the calculations we furthermore set u0 = DλD which au-
tomatically sets λDH Pe=1. Although computationally conve-
nient, we will not implement this for the coming analysis as
there is no way of ensuring that |v| is of the order 1 in that
case.
By estimating the value of the numbers Sc, Pe, K and B we
can gain insight in the importance of certain terms. How-
ever, one must keep in mind that the terms associated with
these numbers might not be of the order unity, if for example
the derivatives are of a dierent scale. To simplify the cal-
culations, we will analyse the Navier-Stokes equation. Many
of the parameters are set by the properties of the bulk water,
ρb = 1 mM,H = 0.5 mm,m = 103 kg m−3,D = 10−9m2/s,
T = 293K and η = 10−3Pa s. e eects described in the
Leer emerge for u0 ≈ 0.01m/s, which is one to two or-
ders of magnitude lower than the uid velocities reported by
Lis et al. is can be aributed to the dierent system size,
which is two orders of magnitude larger. ese values re-
sult in Sc=103, λDH Pe=10
−1 and B≈2500. However, we must
also implement that the uid velocity varies over lengths of
the order of H , while the potential φ varies over lengths of
the order L. In order to fairly compare the dierent terms of
the Navier-Stokes equation, we must compare the numbers
λ2D
H2 Pe,
λ2D
H2 Sc and B
λD
L . Using typical values ofH = 1µm and
L = 40µm, we obtain λ
2
D
H2 Pe=10
−3, λ
2
D
H2 Sc=10 and
λD
L B≈ 0.5.
us when solving the Navier-Stokes equation we can safely
ignore the inertial term and the ionic body forces compared
to the viscous force. e resulting equation, the Stokes equa-
tion, gives rise to a Poisseulle ow. is allows the uid ve-
locity to be solved rst, and to be used as input for the PNP
equation. Note that although the experiments are withH and
L typically two orders of magnitude higher, the same value
of H/L is used so the ratio between the dierent terms is
unaected. In order to conrm this prediction we solved the
Figure 3: e surface charge prole compared to
equilibrium for a calculation including the body forces of
Eq. (23) (blue dashed line) and without the body forces (full
black line). Both were calculated using the same parameters
representing silica at pH=6.5, and using ∆p = 0.5 bar.
full set of equations. Fig. (3) shows the surface charge prole
σ(x) for both cases, one where the uid ow is solved rst
and used as input for the other equations, and one where all
equations are solved simultaneously. e advantage of the
former is that the calculation times are a factor 5 shorter. e
two cases are nearly indistinguishable, conrming the anal-
yses above, so we can safely use the faster method.
SIMULATION DOMAIN
We solved the set of dimensionless equations 23 on a ge-
ometry shown in Fig. 4. is domain is furthermore only
two dimensional, since we have translation symmetry in the
y directoin. Since the system is symmetric in the plane at
z = 12H , only half of the system has to be included in the
calculations. e boundary condition on this plane is then
simply that all normal derivatives are zero.
For each simulation domain we can write down the bound-
ary conditions.
1 (Red) All normal derivatives and velocities are zero, n ·
∇ρi = 0 = n · ∇ψ = n · u
2 (Dark blue) Inlet reservoir, where we x the pressure
p = ∆p, salinities ρ± = ρs & ρC = ρC,b and potential
ψ = 0
3,9 (Green) To simulate an innite bulk, we impose slip
boundary conditions uz = 0 on the side of the bulk,
91
2 10
3 9
4 8
5 76
(a)
(b)
Figure 4: Domain on which the governing equations are
solved numerically: (a) domain with the boundaries marked
(boundary conditions explained in the text and (b) a
representation of the typically used mesh. e system size
used is H = 1µm and L = 5µm.
and impose a zero-ux boundary condition z · Ji = 0
for the ion concentrations.
4,5,7,8 (Cyan) Hard walls with no-slip and no-ux boundary
conditions, u = 0 and n · Ji = 0
6 (Black) e charged wall. e same boundary condi-
tions for ρ±, and u as 4/5/7/8, but for the counter ion
we impose the chemical rate equation ns · JC = −R
withR given by Eq. (12), and forψwe impose the stan-
dard electrostatic boundary condition as in Eq. (17).
10 (Orange) Outlet reservoir. To simulate an innite bulk
we impose that all diusive uxes and the electric eld
are zero, n · ∇ρi = 0 = n · ∇ψ, while we x p = 0.
In order to solve for the surface charge density σ, we cou-
ple this two dimensional domain to a one dimensional do-
main where we solve the governing equations for σ, Eqs.
(13,11). is coupling can be achieved by the general (or lin-
ear) extrusion operator of COMSOL, which projects the value
of ρC,s from the 2D geometry on the 1D geometry, and the
value of σ from the 1D geometry on the 2D geometry. e
additional boxes created at the entrance and exit of the chan-
nel help to rene the mesh in these regions, where a ner
mesh is needed than in the in- and outlet reservoirs (see Fig.
4(b)). At the former, mesh elements should be no larger than
0.1H , and at the corner we chose a slightly rened mesh to
reduce numerical inaccuracies. Furthermore, at boundary 6
a very ne mesh is required as the full Electric Double Layer
must be resolved (since ρC,s must be determined with accu-
racy at the surface). In the double layer, a grid of no lower
than 8 points per Debye length was required for consistently
reliable results, although the specic grid might vary with
system size. is mesh smoothly transitions to the coarser
mesh away from the charged surface towards the center of
the channel. For typical values of H = 1µm and L = 30µm,
this results in a number of gridpoints of the order of 105
mesh points and a calculations time of the order of an hour
for the full dynamical calculations, i.e. equilibration, transi-
tion to steady state upon application of pressure pulse and
re-equilibration aer the pressure drop has subsided to zero
(calculation time depends strongly on value of L and H).
THE SYSTEM SIZE
Experimental system sizes of streaming potential or
streaming current set-ups can vary largely in size, but com-
monly occur on larger scales than the sub-millimetre sized
system consider in this Leer. For example, in the experiment
of Lis et al., H = 0.5 mm and L = 20 mm. ese sizes are
Figure 5: e average ζ-potential 〈ζ〉 of the charged channel
surface in the steady state as a function of the channel
length L and channel heightH . Parameters were chosen
here too in order to represent silica at pH=6.5.
numerically out of reach, however, since the smallest length
scale of our system is the Debye length λD ' 10nm. ere-
fore we variedH andL over values that are numerically more
feasible: H = {0.5, 1, 2}µm and L = {10, 20, 30, 40}µm
with a xed ∆p.
Fig 5 shows the average ζ-potential 〈ζ〉 for these values of
H and L. Although 〈ζ〉 does depend slightly on both L and
H , the variation is only minimal. is therefore suggests that
the observed heterogeneity persists even for larger system
sizes. e dependency of H can be further understood via
the Duhkin number Du, which is inversely proportional to
H . For larger H , the relative contribution of the increased
conductivity of the surface decreases, which in turn eects
the streaming potential and thus 〈ζ〉.
Similarly, we can inspect the eect of system size for the
transient behaviour. In Fig. 6 shows the transient behaviour
for several values of L and H . e ratio L/H = 40 is held
xed, as it is the same ratio as in the experiment of Lis et al.
Fig. 6 shows the eect of scaling up the system. While there is
some eect for smaller system sizes, the transient behaviour
seems to approach an asymptote as L increases (the dier-
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Figure 6: e surface charge in the middle of the surface,
σ(x = 0, t), as a function of time for
L = 20, 40, 60, 80, 100 µm while maintaining L/H = 40.
Parameters were chosen here too in order to represent silica
at pH=6.5.
ence between L = 80 µm and L = 100 µm is hardly dis-
cernible). is suggests that, when ∆p is held xed, scaling
up the system should not signicantly impact the properties
of both the transient and steady state behaviour, and that the
results presented here are also valid for larger systems.
SMOLUCHOWSKI EQUATION
e derivation of the Smoluchowski equation,
∆ΦS =
−ζ
ηG
∆p, (24)
assumes a spatial homogeneity of both Ex and ζ . erefore,
in light of the discussed results, we can no longer simply as-
sume the applicability of this equation to our system. In or-
der to test the applicability, we calculated ∆ΦS at dierent
∆p, and determined the value of ζ as predicted by Eq. (24).
Fig. 7 shows this prediction in the case of Ds = D (black
full line, circles) and the case of Ds = 0 (black doed line,
circles). e parameters were chosen to represent silica at
pH=6.5 (see above), using a system size of L = 30µm and
H = 1µm. We compare this to the calculated average ζ-
potential, 〈ζ〉, for both Ds = D (blue full line, diamonds)
and Ds = 0 (blue doed line, diamonds). For the prediction
using Eq. (24) we set Gs = Gds , where the diuse layer con-
ductivity Gds can be calculated using Bikerman’s expression
[38]. e data is clearly independent ofDs for ∆p→ 0, as the
dierence between the prediction and the calculated value is
small. Eq. (24) seems to slightly overpredict the ζ-potential,
but the eect is small (a few miliVolts) showing that Eq. (24)
is a good approximation. is, however, also shows that for
small ∆p the conductivity via the Stern layer is small and that
(in the chosen parameter regime) the electric current via the
Stern layer is negligible. We can explain this independence
on Ds by considering the strong asymmetry in time-scales,
and thus that the charge exchange between surface and wa-
ter is too slow to contribute signicantly to the total charge
current. For higher ∆p, we see that 〈ζ〉 starts to deviate from
its equilibrium value if Ds 6= 0, while for Ds = 0 we have
that 〈ζ〉 = ζeq and Eq. (24) remains valid. Nonetheless, Eq.
(24) remain to give an accurate prediction, but now of 〈ζ〉 and
not ζeq . e prediction becomes less precise as ∆p grows,
which can be converted to an eective contribution of the
Stern layer to the Duhkin number,
1 + 2DuSeff =
−∆ΦSηGb
∆p
; Gd = Gb +G
d
s/H (25)
e obtained DuSeff , shown in the inset, at low ∆p is negli-
gible. e inset furthermore shows that the eective Duhkin
number increases as ∆p increases. is, however, does not
necessarily indicate an increase in surface conduction, but
more likely is caused by the decreasing validity of Eq. (24),
which is not equipped to deal with lateral heterogeneities.
However, contrary to previous surface conduction studies,
where Du is the main focus, Du does not play a key role here.
e observed eects are maintained even at higher H : in-
creasing H but keeping L/H and ∆p xed (which decreases
Du) does not alter the results signicantly (see Fig. 5 & 6),
further signifying the insignicant role player by Du for the
presented results.
Fig. 7 clearly shows Eq. (24) no longer adequately pre-
dicts the equilibrium ζ-potential at high ∆p, even if corrected
for the extra conductivity via the surface (i.e. by adjusting
Gs). Instead, Eq. (24) gives a good approximation of 〈ζ〉,
the average value of the ζ-potential, which in the current
discussion is a function of the pressure drop. is is to be
expected, since the streaming potential is the integrated ef-
fect of the advection in the EDL, which is in turn determined
by the local ζ . Note that also DuSeff is a function of ∆p, as
shown in the inset. What is surprising is that 〈ζ〉 < ζeq (this
also implies that 〈σ〉 < σeq), and thus that the surface has
a smaller net charge in the steady state than in equilibrium.
e large Ex creates a large excess of surface charges on one
side of the channel, where the increased adsorption rate of
counter ions (kadsσρC,s) is larger than the increased desorp-
tion rate (kdes(Γ − σ)). To exclude hydrodynamic eects
as a cause we also ploed the correspond Reynolds num-
ber value, Re=mumaxHη =
mH3∆p
16η2L , where we have used that
the maximum uid velocity of a Poiseuille ow is given by
umax =
H2∆p
16ηL . Under all circumstances Re < 1, so we can
expect a fully developed Poiseuille ow along the charged
surface.
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Figure 7: e ζ-potential as a function of the pressure drop
∆p and Reynolds number Re, as predicted by Eq. (24) (black
circles), with Gs = GdS , and the numerically calculated
average value, 〈ζ〉 (blue diamonds). e full and doed lines
represent calculations with Ds = D and Ds = 0
respectively. e dierence at low ∆p is due to the diuse
layer conduction, Gs,d. e inset shows the Duhkin number
as calculated by the ratio of the calculated and predicted 〈ζ〉.
Parameters were chosen to represent silica at pH=6.5, with
an equilibrium ζ-potential ζeq ≈ −93 mV.
THE CHEMICAL RATES
As argued in the Leer, the observed heterogeneous sur-
face charge proles relies on the balance of the timescales of
the system, and more specically that the chemical timescale
τreac is the largest. An order of magnitude of τreac can be ob-
tained from the continuity equation for σ Eq. (11). Assuming
a laterally constant ρC,s and σ and jσ = 0, the continuity
equation of σ reverts to a simple linear dierential equation
for σ(t). e governing timescale is then straightforwardly
deduced as τreac = kdes (1 + ρC,s/K) ' kadsρC,s. Here we
have approximated ρC,s with its equilibrium value, ρeqC,s =
ρC,be
−eζeq/kBT such that ρC,s/K ' ρC,be−eζeq/kBT /K  1
since ρC,b/K ' 1 (ζeq = −93 mV). To investigate the ef-
fect of the chemical reaction rates kads and kdes , we re-
peated the calculation of Fig. (2) of the Leer but at dierent
kads. Higher rates than the largest value shown (10 Hz) ex-
hibited numerical convergence problem). Fig. 8 shows the
dierence between the steady state and equilibrium value
of the surface charge in the middle of the surface, ∆σ ≡
σ(0)|steadystate − σeq, for ∆p = 0.1, 0.5 and 1 bar. Fig. 8
shows that, as a function of the desorption rate, the systems
seems to depart from the reaction-limited regime. e value
for τreac for which this transition occurs is independent of
∆p. Since jσ and thus τcond depends directly on ∆p, this is
consistent with our timescale analysis. For very small rates,
∆σ is xed by ∆p, or more specically by the generated elec-
tric eld and surface current jσ . In the limit kadsρC,s → 0
the source term n · Je vanishes, so in a steady state the sur-
Figure 8: Dierence between steady state and equilibrium
surface charge at the center of the channel as a function of
the chemical desorption rate kdes, for ∆p = 0.1 (blue), 0.5
(black) and 1 (red) bar.
face ux must also vanish (a constant jσ is prohibited as the
charged surface is nite) and the generated prole σ(x) is
such that jcond = Ds eσkBT
∂ψs
∂x , the conductive surface ux,
and the diusive surface ux, jdif = −Ds 11−σ/Γ ∂σ∂x , balance
each other. For faster rates, however, this is possible, so jcond
and jdif don’t necessarily have to balance each other, the dif-
ference being equal to the ux into the water (n ·JC ). In this
regime, the chemical reaction is fast enough such that the
surface charge does not change from its equilibrium value.
In terms of the timescales discussed in the Leer, we see that
the chemical timescale τreac must be the largest time scale in
order to observe a non-trivial ∆σ. In the case of Fig. 8, the
conductive timescale τcond ' 3 s, which corresponds nicely
to the value of τreac = (kadsρC,s)−1 that indicates the tran-
sition from a reaction-limited regime to another. Note that
in the limit of kdes → 0 the surface ux jσ is limited by the
slow exchange with the uid, and its contribution to the net
charge ux is negligible. is explains the small role played
by the Duhkin number (Du) in the observed phenomena.
